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The observation of quantum light emission from atomically thin transition metal dichalcogenides
has opened a new field of applications for these material systems. The corresponding excited charge-
carrier localization has been linked to defects and strain, while open questions remain regarding the
microscopic origin. We demonstrate that the bending rigidity of these materials leads to wrinkling
of the two-dimensional layer. The resulting strain field facilitates strong carrier localization due to
its pronounced influence on the band gap. Additionally, we consider charge carrier confinement due
to local changes of the dielectric environment and show that both effects contribute to modified elec-
tronic states and optical properties. The interplay of surface wrinkling, strain-induced confinement,
and local changes of the dielectric environment is demonstrated for the example of nanobubbles that
form when monolayers are deposited on substrates or other two-dimensional materials.
In the past, single-photon emission has been realized
using trapped-ion systems [1], NV centers in diamond [2],
and epitaxially grown quantum dots [3] with important
applications in quantum information. Recently, single-
photon emission from spatially localized centers in tran-
sition metal dichalcogenides (TMDs) has been demon-
strated [4–14]. For this purpose, TMD monolayers have
been placed over gold nanostructures [8, 9], substrates
with etched holes [10], and arrays of dielectric micropil-
lars [11, 12]. In the latter case, up to 96% active single-
photon emitters have been obtained. Quantum light
emission has been also achieved with nanobubbles, which
are formed in vertically stacked TMD structures [13, 14].
Single-photon emission from atomically thin TMDs
can originate either from structural defects resulting in
electronic trap states, which are known to be a source
of photoluminescence centers [15, 16], or due to strain-
induced potentials with three-dimensional carrier con-
finements. In this paper, we show that the strain-induced
occurrence of localized electronic states is intrinsically
linked to a non-continuous deformation of the TMD sur-
face. We find that bending of the atomically thin sheet
leads to formation of local surface wrinkles and bond de-
formations are identified as their microscopic origin. Due
to the strong dependence of the TMD band gap on local
strain fields [17] this wrinkling induces a spatially local-
ized carrier confinement. We show that this wrinkling
takes place on length scales of 1 nm, providing efficient
three-dimensional localized states and thereby enabling
single-photon emission. This supports recent experimen-
tal results [9], which first established the connection be-
tween surface wrinkling and localized emission, although
the resolution of the used confocal microscopy is limited
to much larger µm length scales. The local wrinkling ef-
fect is different from surface corrugations on a 10−20 nm
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scale, that is known for many 2D materials, as studied
for graphene in Ref. [18].
To investigate the interplay between TMD layer de-
formations and carrier confinement, we model a TMD
layer with atomic resolution using a million-atom super-
cell. Based on valence force field simulations, new equi-
librium positions of the individual atoms in the bended
material are determined. The information about the dis-
placed atoms is used in a tight-binding electronic-state
calculation for the supercell structure. For the example
of nanobubbles, we demonstrate that surface wrinkling
acts as the main cause for quantum confinement with
quantum-dot-like electronic states. The considered ge-
ometry is depicted in Fig. 1(a). Nanobubbles are formed
when placing a monolayer of MoS2 on another MoS2
sheet used as a flat substrate, which is comparable to
recent experimental investigations [13]. Starting from a
paraboloid profile of the nanobubble, the relaxation of
atoms in the upper TMD layer is performed while keeping
the atoms in the lower layer fixed. For this part, we uti-
lize a REAX potential [19] with the parametrization from
Ref. [20] within a valence force field calculation, which
is capable of accurately describing bond deformations
under strain as well as continuous bond formation and
breaking dynamics. We find that both in-plane strain
and bending contribute to the shape of the nanobubble
(see Supporting Information for more details). Subse-
quent electronic-state calculations use this information
about the positions of the individual atoms. For a su-
percell with an in-plane extension of 130 nm and up to
1.2×106 atoms, a 6-band tight-binding Hamiltonian is
solved using the parametrization given in the Support-
ing Information. Strain-induced local band gap changes
arising from the displaced atomic positions are included
via a generalized Harrison rule [21]. Additionally, when
locally detaching the upper layer from the substrate un-
derneath and changing from a commensurate bilayer to
monolayer-like structures across the nanobubble, a modi-
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FIG. 1. (a) MoS2 air nanobubble with radius r and height h. (b) Top view of the probability densities for electrons and holes,
which are responsible for the strongest optical transition marked in (c). Results are shown for a bubble radius of r = 18 nm
and various aspect ratios h/r. (c) Emission spectra calculated from Fermi’s golden rule based on the tight-binding states for
the aspect ratios in (b).
fied dielectric environment and electronic hybridization is
expected [22–25]. We include both effects into our model
by changing individual tight-binding parameters based
on GW calculations, as explained in the Supporting In-
formation. Based on the calculated tight-binding states,
optical emission spectra are obtained using Fermis golden
rule.
In our analysis, we consider nanobubbles of different
aspect ratios h/r and sizes. The degree of localization is
controlled by the aspect ratio, as shown in Fig. 1(b).
In contrast, the nanobubble size does not change the
qualitative behavior, as presented in the appendix. For
h/r = 0.1 the single-particle states are delocalized along
the edge of the bubble, whereas for an increasing aspect
ratio of h/r = 0.15 distinct maxima are found. Due to
the increased strain, these maxima carry the C3v sym-
metry of the underlying crystal lattice. The trend of
stronger localization with increasing aspect ratio contin-
ues for h/r = 0.175, which corresponds to the experimen-
tally reported value of Ref [13]. In this case, the proba-
bility densities are localized at three distinct positions at
the edge of the nanobubble.
Figure 1(c) provides the emission spectra correspond-
ing to the three different aspect ratios in Fig. 1(b), ob-
tained from all confined states of the TB model and
Fermi’s golden rule. For h/r = 0.1, the oscillator strength
is very weak due to a small dipole interaction matrix el-
ement, which is the result of a much larger radial broad-
ening of the probability density for the electrons than
for the holes. More optical transitions are present for
larger aspect ratios h/r. In the case of h/r = 0.175
strong emission from the electron and hole states, shown
in the right panel of Fig. 1(b), as well as a broad back-
ground emission from other states is obtained. A sim-
ilar behavior has been observed in recent experiments
with WSe2 nanobubbles [14] and can be explained by
increasing strain, which leads to a deeper confinement,
stronger localization of the single-particle states, as seen
in Fig. 1(b), and a redshift of the optical spectra.
To analyze the mechanism behind the strong carrier
localization, we quantify the contributions to the con-
finement potential due to strain as well as local changes
of the screening and electronic hybridization for the up-
per TMD layer. As a result of the nanobubble geome-
try, shown in Fig. 2(c), the dielectric and electronic envi-
ronment outside of the bubble corresponds to a bilayer,
while, in the center of the bubble, the large distance be-
tween top and bottom layer resembles the situation of a
monolayer. This effect increases with increasing height
hmax of the bubble, as illustrated in Fig. 2(c). The re-
sulting changes of band gap are depicted in Fig. 2(d).
Effectively, it leads to a repulsive potential in the center
of the bubble. From our calculations we obtain band gap
changes on the order of 100 meV, consistent with recent
measurements [24].
The strain-induced changes of band gap for three dif-
ferent aspect ratios are displayed in Fig. 2(a). By com-
paring these strain effects with the probability densities
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FIG. 2. (a) Strain-induced band gap shifts for different aspect ratios h/r. (b) Average angle α (in radians) between normal
vectors of neighboring unit cells reveal wrinkling that corresponds to the spatially localized strain pockets. (c) Cross-section
through the nanobubble of height hmax. The geometric situation implies a change of the dielectric and electronic environment
for the MoS2 layer that is forming the nanobubble. The arrows indicating an angle α between normal vectors of neighboring
unit cells on the discretized surface as used in (b). (d) Repulsive potential inside the nanobubble of height hmax = 34 A˚ and
aspect ratio h/r = 0.175 as a result of the modified dielectric and electronic environment for the top layer. (e) Schematic
representation of the orbital character of localized hole states. For shallow confinement, the states are composed of dz orbitals,
while for deeper confinement dxy orbitals also contribute.
in Fig. 1(b), we can conclude that the strain-induced
changes of the band gap are responsible for the increasing
localization, as the dielectric effect is rotationally sym-
metric (see Fig. 2(d)). For aspect ratios of h/r = 0.15
and h/r = 0.175, strain pockets are found. To illumi-
nate their origin, the average angle between normal vec-
tors at neighboring unit cells (schematically depicted in
Fig. 2(c)) is displayed in Fig. 2(b), as described by the
normal-normal correlation function (see Supporting In-
formation). These average angles reveal a local wrin-
kling of the surface for aspect ratios of h/r = 0.15 and
h/r = 0.175, with the angle of the normal vectors be-
tween neighboring unit cell varying up to 6◦. A compar-
ison between Figs. 2(a) and (b) shows that the strain be-
comes non-uniform and peaks in the wrinkles. The phys-
ical origin of this behavior can be traced back to the high
Young’s modulus of MoS2 (see e.g. Ref. [20, 26]). The
higher the modulus, the better a material resists against
compression/elongation. Especially for a high modulus,
the material tends to minimize its total change of length.
In particular, this is possible by the formation of wrin-
kles. The bond deformations responsible for the wrin-
kling are more prominent in TMDs than in graphene, as
the former consist of a tri-atomic structure, in which the
transition metal atoms are sandwiched between chalco-
gen atoms. Additionally, the spherical deformation of the
material that is imposed by the nanobubble geometry fa-
vors wrinkle formation. We expect the wrinkles to be a
general feature of spherical deformations, in contrast to
depositing the material on a cylindrical surface or over a
ridge. Mathematically, the difference between these situ-
ations lies in the Gaussian curvature [27] of the geometry
that is imposed upon the TMD monolayer. The strong
band gap variations, induced by strain and the dielec-
tric environment, also influence the oscillator strength of
the optical transitions in Fig. 1(c). The main reason for
this change is illustrated in Fig. 2(e). The localized elec-
tron states, originating from the conduction band, inherit
the dz2 orbital character of the K-point. In the strained
bubble geometry, the Γ valley lies energetically higher
than the K-valley for holes. Depending on the depth of
the confinement potential, the orbital character of the
localized hole states is than either determined by states
originating from the Γ-point (dz2), or from both the Γ-
and the K-point (dxy). In the former case, the emission
is weak, as the electron and hole wave functions carry
the same orbital character (dz2). In the latter case, the
strong dipole matrix element of the K-point transition
dominates, as known from the 2D monolayer [17]. These
large differences in the dipole matrix elements explain
why the measured recombination times of a few nanosec-
onds [4, 14] for localized states in TMD nanostructures
are much longer than the sub-picosecond range, which is
observed for the 2D monolayer [28].
In summary, our calculations provide insight into the
mechanism of quantum-dot-like carrier localization in
4TMD nanostructures for the example of MoS2 nanobub-
bles. We find a strong localization on the nanometer scale
inside strain pockets, which carry the C3v symmetry of
the underlying crystal lattice. It is demonstrated that
the formation of such strain pockets is caused by a non-
uniform strain, which peaks in surface wrinkles, an effect
that is inaccessible to continuum theory. Our method is
based on the requirements of covering strain as well as lo-
cal changes of the screening and electronic hybridization
on the nanometer scale. We quantify the contributions
of these effects to the confinement potential in a com-
bined atomistic valence force-field and million-atom su-
percell tight-binding approach. Regarding the emission
properties, it is shown that the orbital character of the
localized states changes compared to the 2D monolayer,
explaining the measured recombination times of a few
nanoseconds [4, 14] in TMD nanostructures. We expect
these properties and mechanisms to be present in other
TMD nanostructures, since the underlying physical prop-
erties are universal for TMD materials. Our results are
expected to stimulate new and alternative realizations of
strong carrier confinement in atomically thin TMD semi-
conductors.
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Appendix: Nanobubble geometry
Starting point of our relaxation procedure is a rectangular supercell of a MoS2 bilayer with periodic boundary con-
ditions and an interlayer equilibrium distance of 3.0 A˚ in accordance with Ref. [20]. The top layer, which subsequently
forms the bubble, is shorter in both lateral directions so that its atoms are not influenced by the boundary conditions.
To generate the bubble, the atoms of the top layer are displaced onto a paraboloid with a given height, corresponding
to the desired aspect ratio.
In order to determine the relaxed atomic positions, we employ the LAMMPS code [29] using the REAX potential of
Ref. [20]. To achieve a convergent geometry, we utilize a supercell of dimensions 130 nm× 130 nm× 15 nm, containing
about 1.2 · 106 atoms. The relaxation is performed until a force tolerance of 10−3 eV/A˚ or a relative energy tolerance
of 10−16 is reached. In each iteration step, the charge equilibration energy is minimized until it reaches a value
below 10−3 eV. The obtained atomic positions provide access to height profiles of MoS2 bubbles for different aspect
(a) (b)
in-plane
bending
VFF
  
  
FIG. 3. Height profiles of MoS2 bubbles. (a) Curves for different aspect ratios. (b) Valence force field results for an aspect
ratio of h/r = 0.2 and continuum elasticity results from E. Khestanova et al. [13] for dominantly in-plane strains (blue line)
and bending (red line).
ratios h/r, which are depicted in Fig. 3(a). In Fig. 3(b), these values are compared to continuum elasticity theory
[13], where two cases, dominated by in-plane strain and bending, can be distinguished. Since our microscopically
calculated height profile of the bubble is in between these limits, we conclude that both aspects contribute.
5ε0 -2.17187 eV
ε2 -2.07972 eV
t0 -0.326583 eV
t0±2 0.561734 eV
t2 -0.411327 eV
t±2∓2 -0.355268 eV
t′0 -0.0537226 eV
t′0±2 -0.00459159 eV
t′2 0.052774 eV
t′±2∓2 -0.123627 eV
TABLE I. TB parameters for the MoS2 monolayer. Orbital energies and coupling matrix elements are denoted by ε and t,
respectively. The primed terms describe next-nearest neighbor couplings.
1. Monolayer tight-binding model
To describe the TMD monolayer, we employ an effective TB Hamiltonian with nearest and next-nearest neighbor
interactions between Mo atoms and a {d0, d+2, d−2} basis set. The respective Hamilton matrix H in k-space is given
by
H =
 Hd0d0 Hd0d2 Hd0d−2H∗d0d2 Hd2d2 Hd2d−2
H∗d0d−2 H
∗
d2d−2 Hd−2d−2
 , (A.1)
with matrix elements
Hαβ = 〈α, k|H|β, k〉 =
∑
R
eik·R 〈α, 0|H|β,R〉 . (A.2)
For the atomic positions R, we consider nearest neighbors R1, ..,R6 and next nearest neighbors R7, ..,R12, using the
in-plane coordinates
R1 = (1, 0), R2 = (1, 1), R3 = (0, 1),
R4 = (−1, 0),R5,= (−1,−1) R6 = (0,−1),
R7 = (2, 1), R8 = (1, 2), R9 = (−1, 1),
R10 = (−2,−1), R11 = (−1,−2) R12 = (1,−1)
(A.3)
in units of the the Bravais-lattice vectors
a1 = a
(
1
0
)
a2 = a
(−1/2√
3/2
)
(A.4)
with the lattice constant a = 3.18 A˚. The matrix elements
〈α, 0|H|β,R〉 = fα,β(φ)tαβ(|R|) (A.5)
include the TB hopping parameter tαβ(R) towards nearest and next-nearest neighbors of the Mo-atoms, respectively.
While the threefold symmetry of the MoS2 lattice would be enhanced to a six-fold symmetry when considering the
Mo sublattice only, we retain the original C3v symmetry by including different phase factors φ towards nearest and
next-nearest neighbours
fα,β(φ) =

nearest neighbors:
exp(−iα(φ− pi/6) + iβ(pi + φ+ pi/6)), if φ = 0, 2pi/3, 4pi/3
exp(−iα(φ+ pi/6) + iβ(pi + φ− pi/6)), if φ = pi/3, pi, 5pi/3
next nearest neighbors:
exp(−iαφ+ iβ(pi + φ)), if φ = pi/6, 3pi/2, 5pi/6
exp(−iα(pi + φ) + iβφ), if φ = pi/2, 7pi/6, 11pi/6.
(A.6)
6Following Ref. [30], we include spin-orbit coupling according to
HSO =
[
H + λ2Lz 0
0 H − λ2Lz
]
(A.7)
with
Lz =
 0 0 00 0 2i
0 −2i 0
 . (A.8)
The Hamiltonian in Eq. (A.7) is block diagonal, which means that the z-component of the spin is not mixed by the
spin-orbit coupling and serves as a good quantum number due to the σh symmetry [30]. By using our TB approach, the
band structure of DFT calculations is well approximated, as shown in Fig. 4. The DFT calculations were performed
using the VASP code [31, 32] together with the supplied projector augmented wave (PAW) potentials [33] and a 16 x
16 x 1 Γ-point sampling of the Brillouin zone. The used TB parameters for a MoS2 monolayer are given in Table. I.
FIG. 4. Tight-binding band structure. Left: Comparison of the three-band monolayer MoS2 TB band structure (red) with a
DFT calculation (black). Right: Character of the three bands dz2 (red), dx2 (green) and dxy (blue).
Hamiltonian at points of high symmetry
Both strain and changes of the dielectric environment influence the band gap of MoS2. To incorporate these effects
into the TB model, we diagonalize the TB Hamiltonian analytically at points of high symmetry, which allows for an
identification of the TB parameters to be adapted. For the Γ-point we find
H(Γ) =
ε0 + 6t0 + 6t′0 0 00 ε2 − 3t2 + 6t′2 0
0 0 ε2 − 3t2 + 6t′2
 (A.9)
with the first diagonal element, denoting the eigenvalue of the valence band (VB) and the other two, describing the
conduction bands (CBs). At the K-point, we obtain
H(K) =
ε2 + 6t2 + 6t′2 0 00 ε0 − 3t0 + 6t′0 0
0 0 ε2 − 3t2 + 6t′2
 . (A.10)
In the next section, we discuss how these results can be used to incorporate the effects of strain and of the dielectric
environment into the TB Hamiltonian.
2. Tight-binding model for nanobubbles
Implementation of strain
In the case of a MoS2 monolayer, strain leads to an transition between a direct band gap at the K-point and an
indirect band gap between the Γ-point of the VB and the K-point of the CB, as demonstrated for instance in Ref. [34].
7From Eqs. (A.9) and (A.10), we obtain
ECB(K)− EVB(Γ) = −9t0. (A.11)
Hence, we can modify the nearest neighbor hopping parameter t0 to describe the direct to indirect transition in
strained monolayers. We employ a generalized Harrison rule [21]
t0(r) = t0/ (1 + s)
η
(A.12)
with s = (r − a)/a, where r is the inter-atomic distance and a the lattice constant. For an exponent of η = 11 the
experimental band gaps in Ref. [35] are reproduced. The band structure for different strain situations within this
approach is depicted in Fig. 5.
FIG. 5. Band structure of a MoS2 monolayer for different strain situations s = (r − a)/a. The dashed lines indicate Fermi
levels.
Implementation of the dielectric environment
In addition to strain, the band gap can also be modified by changing the dielectric environment of the layer [23, 24].
While the system resembles a monolayer in the middle of the bubble, it corresponds to a bilayer at the edges. In this
transition, not only the value of the band gap changes, but also its character. ARPES measurements [36] demonstrate
that the MoS2 monolayer band gap is direct, whereas the bilayer band gap is indirect. Additionally, the value of the
band-gap at the K-point is reduced, due to more efficient dielectric screening. To determine this band gap EgK(z)
as a function of the interlayer distance z, we use data from DFT+GW calculations [17, 22]. Assuming a bowing-like
behavior for the change of band gap with interlayer distance, a quadratic interpolation leads to
EgK(z) = 2.675 · 10−5z2 + 0.0021z + 2.3875 (A.13)
for the direct band gap at the K-point.
To introduce the influence of the air gap between the surface and bottom layer within the nanobubble into the
TB Hamiltonian, we follow the same route as in the previous section and determine the hopping parameter t0 as a
function of EgK(z). Thereby, the parameter t0 in our TB model depends on the interlayer distance according to.
t0(z) = −2
(
EgK(z)− (ε0 − ε2)
6
+ t2 + t
′
2 − t′0
)
. (A.14)
3. Normal-normal correlation
To investigate the wrinkling of the material, we determine the normal-normal correlation function
Ni =
1
3
∑
j,neighbors
~ni · ~nj (A.15)
that measures the angle between the normal vectors of neighboring unit cells. Due to the symmetry of the system,
each cell i has three neighboring cells j, which gives rise to the normalization in equation (A.15). For better visibility
in Fig. 2b we depict the average angle between adjacent normal vectors αi = arccos(Ni).
84. Influence of nanobubble size
In Fig. 6 we show the influence of both size and aspect ratio variations on the effective confinement potential for
the nano-bubble. We find that the trend towards stronger localization is controlled by the aspect ratio, while the size
of the bubble controls the depth of the confinement potential and the distinctness of the observed localization.
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FIG. 6. Effective confinement potential for aspect ratios of A=0.1,0.15,0.175, and 0.2 and nano-bubble radii of r=6, 12, 18,
and 24 nm.
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